We consider the kinetic theory of the quantum and classical Toda lattice models. A kinetic equation of Bethe-Boltzmann type is derived for the distribution function of conserved quasiparticles. Near the classical limit, we show that the kinetic theory depends smoothly on Planck's constant, and explicitly characterise the leading quantum corrections to classical behaviour. The classical kinetic theory is compared with direct numerical simulations and shows excellent agreement. Finally, we connect the Bethe-Boltzmann approach with the classical inverse scattering method, by identifying conserved quasiparticles with the spectrum of the Lax matrix.
Introduction
The derivation of hydrodynamics from microscopic many-particle dynamics is an enduringly difficult mathematical problem. Despite the technical hurdles involved, rigorous progress has been made for some simple classical many-body systems [1] . However, beyond the relatively tractable case of weakly interacting Bose gases [2] , the hydrodynamics of quantum many-body systems remains poorly understood.
Recently, a promising new avenue of inquiry has opened up with the development of "generalized hydrodynamics" of quantum integrable systems in one dimension [3, 4] , which has been accompanied by rigorous results on the local equilibrium dynamics of one-dimensional conformal field theories [5, 6] . The Bethe-Boltzmann kinetic equation for quasiparticle densities, which captures some essential features of generalized hydrodynamics with an infinite set of conserved quantities and Euler equations, has yet to be derived rigorously, but there is a widespread belief in the field, supported by a wealth of numerical and analytical tests [3, 4, 7, 8, 9, 10, 11, 12, 13, 14] (and a recent experiment [15] ), that this equation describes the ballistic part of local equilibrium dynamics in such models exactly.
The kinetic equation can be understood as a generalization of earlier kinetic theories of classical soliton gases [16, 17, 18, 19, 20, 21] , with classical phase-shifts replaced by the quantum mechanical phase-shifts between Bethe quasiparticles. The concept that the dynamics of Bethe quasiparticles could capture far-from-equilibrium transport in quantum integrable spin chains was discussed early on [22] . Given that the kinetic approach amounts to describing quantum dynamics by an essentially classical equation, a natural question that arises is the following: how does a kinetic theory of quantum solitons differ from that of classical solitons? The integrable Toda lattice, whose thermodynamic Bethe Ansatz (TBA) is understood both classically and quantum mechanically [23, 24, 25] , provides an ideal setting in which to analyse this important question.
In the present work we derive Bethe-Boltzmann kinetic equations for the quantum and classical Toda lattices (Section 2). Hydrodynamic predictions obtained for the classical Toda lattice are compared against microscopic numerical simulations of "tworeservoir" initial conditions and show excellent quantitative agreement (Section 3). Our kinetic equation for the classical Toda lattice can be understood as the semiclassical limit of the kinetic theory of the quantum system, allowing for a direct, quantitative analysis of the effect of introducing a small and non-zero in the Bethe-Boltzmann equation. Hence the Toda problem illustrates, in a single model with variable quantum parameter , how the same type of kinetic equation describes the hydrodynamic limit of quantum and classical integrable systems.
Finally, we make a connection between equilibrium quasiparticle distribution functions of the classical Toda lattice and classical inverse scattering theory, interpreting the local distribution functions of quasiparticle density and current directly in terms of the spectrum of the Lax matrix. This "Bethe-Lax correspondence" turns predictions of the kinetic theory to mathematical statements about tridiagonal random matrix ensembles. They are convincingly supported by our numerical results, which indicate that the conjectured equations of state for the quasiparticle density and current distribution functions in Section 2 hold exactly for equilibrium states. The Bethe-Lax correspondence offers a new qualitative insight into the origin of this powerful hydrodynamic formalism. In the classical Toda case, an intriguing outcome would be a rigorous derivation of our equation of state for the quasiparticle currents from Dumitriu-Edelman β-random matrix theory [26] , as was very recently achieved for the quasiparticle density of states [27] .
Kinetic equations: quantum and classical

Quantum TBA and kinetic theory
The quantum Toda Hamiltonian can be defined as
Here γ quantifies the anharmonicity of the potential and ω is the harmonic frequency as γ → 0. Using Sutherland's technique of "asymptotic Bethe ansatz", one can deduce the equations of thermodynamic Bethe ansatz [23] for this model. At temperature T and chemical potential µ, the Yang-Yang equation for excitation energies is given by
while the total density of states ρ t k satisfies
where θ k = (1 + e β k ) −1 denotes the Fermi factor. The differential phase-shift is given explicitly by
Here, the dimensionless parameter C = mω γ 2 and ψ(x) denotes the digamma function. Abstracting to general local equilibrium states, with arbitrary Fermi factors θ k : R → [0, 1], we find that the derivatives of quasiparticle energies and momenta satisfy
From these formulae, one can write down a "Bethe-Boltzmann" equation, modelling the ballistic part of locally equilibrated time-evolution in the quantum Toda lattice. The resulting formalism is identical to that for the Lieb-Liniger gas [3, 4] , and the initial value problem for smoothly varying temperature and chemical potential profiles β(x) and µ(x) can be conveniently summarized in terms of local Fermi factors θ k (x, t), which evolve under the system of equations
with initial data determined locally in terms of {β(x), µ(x)} via thermodynamic Bethe Ansatz.
The semiclassical limit of TBA
We now turn to the semiclassical limit → 0 of the quantum TBA and hydrodynamics outlined above, following closely the analysis of Ref. [24] . We proceed in two stages: we first express the quantum TBA equations in terms of classical momentum p = k, before taking the semiclassical limit as → 0. In order to guarantee a finite free energy in the semiclassical limit [24] , we define classical quasiparticle energies and classical chemical potentials, as
The Yang-Yang equation for cl p reads cl p =
the Fermi factor is given by
and the dressing equations read
The rescaled density of states, defined by ρ t p dp = ρ t k dk, satisfies 2π ρ t p = p dr p . Note that equations Eq. 7 through 11 are merely a rewriting of quantum TBA, and are exact for > 0. Later, they will allow us to quantify the quantum corrections to classical hydrodynamics. Let us first consider passing to the semiclassical limit → 0 of quantum TBA.
In this limit, the phase-shift is replaced by its leading asymptotic,
the Yang-Yang equation becomes cl p =
and the effective Fermi factor appearing in the dressing equations is given by
In particular, the density of occupied states reads
and from this expression, the thermal expectation values of conserved charges of the classical Toda lattice, Q n ρ = dp ρ p p n , may be evaluated. The relation Eq. 15 is verified numerically in Section 3, by direct comparison with spectrum of the Lax matrix.
Classical kinetic theory
For any non-zero , the quasiparticle distribution function of the full quantum TBA includes both "phonon" (particle-like) and "soliton" (hole-like) degrees of freedom. However, in the semiclassical limit at non-zero temperature, the soliton degrees of freedom become infinitely heavy and do not contribute to the thermodynamics of the model [24] . Thus for the purposes of considering local equilibrium dynamics in the Toda lattice, it suffices to restrict attention to phononic degrees of freedom; this will be justified more carefully below. The phonon dispersion relation is given by [24] ∆E ph p = ωe −β cl p , ∆P ph p = 2π ∞ p dp ρ p ,
and implies an interaction-dressed phonon group velocity
for a state with occupied density of states ρ p . From this expression, we can write down a Bethe-Boltzmann equation for the local phonon density of states, given by
As usual, this may be expressed in advection form as the system
with initial data determined in terms of initial temperature and (classical) chemical potential via the classical TBA equations Eqs. 13 and 14. Solutions to this system can be compared directly with classical numerical simulations of Toda lattice dynamics. Such a comparison is provided in Section 3. While the above discussion was physically motivated, notice that the classical hydrodynamic equation Eq. 19 could have been obtained directly from the quantum hydrodynamic equations Eq. 6 by taking the semiclassical limit described above (the possibility of obtaining classical hydrodynamics as a semiclassical limit was noted for the sinh-Gordon model in Ref. [14] ). Since the quantum distribution function ρ k does not distinguish between phonon and soliton degrees of freedom, this indicates that solitons can indeed be neglected at the level of classical hydrodynamics. This conclusion is supported by the numerical results of Section 3.
Quantum corrections to classical kinetic theory
We now consider the quantum corrections to the kinetic theory of the classical Toda lattice obtained above. The quantum TBA equations written in terms of classical momenta, Eqs. 8 -11, allow for a direct comparison between quantum and classical results, yielding predictions at a given temperature and (classical) chemical potential that tend smoothly to the semiclassical results as → 0. This is shown in Fig. 1 for the two-reservoir non-equilibrium steady state studied in Section 3. As the dimensionless scale mω/ γ 2 falls below 1, deviations from the classical limit become apparent. The main effect of increasing the relative magnitude of appears to be a reduction in particle density in each reservoir, with a concomitant decrease in energy density.
Let us now quantify these corrections analytically. It turns out that the main subtlety arises from the quantum correction to the phase shift, which we focus on at first. Then, as an application, we calculate explicitly the first-order correction to the dressed energy. Our results can be straightforwardly extended to higher-order and other quantities.
The quantum correction to the phase shift is naturally defined as the difference between quantum and classical phase shifts. By Eqs. 4 and 12, we have:
We wish to analyze the semiclassical expansion of this quantity about = 0. The final result will be given in Eq. 23. However, we find it instructive to first consider a wrong approach. Indeed, one might be tempted to perform an asymptotic expansion in the limit ∆k := ∆p/ → ∞, which corresponds to the limit → 0 with fixed ∆p = 0.
Using the asymptotic expansion [28] Re{ψ
of the digamma function (B 2n denote the Bernoulli numbers), one would conclude that leading quantum correction is of order 2 :
However, the correction kernel on the right hand side is pathological because of the divergence at p − p → 0. In fact, the expansion 21 gives diverging kernels at all orders 2n , and must be unphysical. This indicates that the quantum correction comes essentially from static ("soft") scattering p − p → 0 (more precisely, |p − p | ∼ γ). This is indeed the case. In fact, we claim that δK p,p is concentrated at p − p = 0 at any order of . More precisely,
where
and δ (s) is the s-th derivative of δ. Curiously, the semiclassical expansion of the phase shift has only odd positive powers of , although the phase shift is an even function of (p − p )/ . In particular, the leading order is of order (its coefficient can be explicitly evaluated):
To show Eq. 23, we apply the kernel δK p,p to an arbitrary smooth function f p of p, and write the integral in variables k = p/ , k = p/ at quantum scale, and then Taylor expand f p around p:
where f (n) = d n f p /dp n . Such an expansion is physically justified because f k is a very slowly varying function of k. At each order of , the integral over k is decoupled from f p by a change of variable (u = (k − k)γ)
where we used Eq. 20. Combining Eqs. 25 and 26, we obtain
which is equivalent to Eq. 24, since Eq. 26 vanishes for odd n by parity. Eq. 23 allows the semiclassical expansion of the kinetic theory to any order. To illustrate this, we compute the leading quantum correction to the dressed energy. To this end, we expand it as follows:
It follows from the Yang-Yang equation in the form Eq. 8 that the perturbation δ cl p satisfies the integral equation
up to O( ) corrections. Applying Eq. 24, we obtain the integral equation that determines the leading quantum correction to cl p :
This expression is exact and can be verified numerically, see Fig. 1 (inset) for an example. Observe that in Eq. 30, the only kernel that relates unequal momenta p − p > 0 is the classical one K cl p,p . This is a direct consequence of Eq. 23 and holds at any order and for all other quantities (e.g., the velocity functional). We also note that the first term of the semiclassical expansion Eq. 30 is controlled by the dimensionless parameter λ = β ω, so is valid at fixed nonzero temperature.
Numerical studies
In this section, we numerically test the classical kinetic theory in two ways. In Section 3.1, we test the kinetic theory directly in a non-equilibrium two-reservoir setting. In Section 3.2, we connect the quasiparticles in kinetic theory to the spectrum of the Lax matrix. For convenience, we set γ = m = ω = 1 throughout this section. 
Out-of-equilibrium dynamics
We now compare predictions from the classical kinetic theory with microscopic numerical simulations of the classical Toda lattice. While performing direct microscopic simulations on the quantum Toda lattice is not feasible, previous comparison of results from integrability to microscopic DMRG simulations on the XXZ chain [9] suggest that the quantum kinetic equation is comparably accurate in the hydrodynamic limit. For the sake of simplicity, we focus on time-evolution from "two-reservoir" initial conditions, for which the solution to the hydrodynamic equations 19 is well-known by now [3, 4] . To obtain hydrodynamic predictions, the reservoir occupation numbers θ L/R p are computed from the classical TBA equations Eq. 13, from which the occupation numbers θ p (x, t) for the hydrodynamic steady-state are obtained by solving the system
by numerical iteration, as usual. We then obtain, via Eq. 15, profiles of particle density and energy density q 0 (x, t) = dp ρ p (x, t) , q 2 (x, t) = 1 2 dp p 2 ρ p (x, t) .
These predictions can be compared to direct numerical simulations. The equations of motion are integrated using the Flaschka variables [29] , see Eq. 39 below. The thermal equilibrium of each reservoir can be sampled directly, since the momenta and positions have the following factorized distribution:
where Z is the partition function and P > 0 is the pressure. β and P determine the classical thermal state, of which the chemical potential and average stretch are
respectively. For a fixed β, µ cl (P ) is not a one-to-one function (see inset of Fig. 2) , so there is an ambiguity in defining a thermal state by β and µ cl , as in TBA. This is lifted by further requiring
which selects the low-pressure branch. We observe that the latter solution is systematically selected by the solution (by numerical iteration) of the classical TBA equation 13. Intuitively, this is because a state with a < 0 is inaccessible from the asymptotic Bethe Ansatz that we assumed initially (see Section 2 above).
To sample a two reservoir initial condition with 2N particles, we generate p 1 , . . . , p N , r 1 , . . . , r N using Eq. 33 with β L , µ L , and p N +1 , . . . , p 2N , r N +1 , . . . , r 2N −1 with β R , µ R . The overall translation freedom is fixed by requiring (x N + x N +1 )/2 = 0. A result of the comparison is shown in Fig. 2 . We find an excellent agreement already at a moderate space-time scale, x, t ∼ 10 2 . At shorter times, the effect of higher-derivative corrections becomes visible, especially for the particle density.
Lax matrix and quasiparticles
It is well-known that the equation of motion of the classical Toda lattice can be expressed in terms of a Lax pair [29] , aṡ
For an open chain, B and L are the following tridiagonal matrices, which we shall regard as operators on the Hilbert space spanned by the orthonormal basis |n , n = 1, . . . , N :
Here, b n = p n , a n = e −rn/2 (39) are the Flaschka variables (up to a factor 2). Eq. 36 implies that the spectrum of the Lax matrix L is conserved, as are the quasimomenta in the kinetic theory. Can they be identified? Here we show that this is the case; moreover, the quasiparticles appear as eigenstates of the Lax matrix. First, we compare the quasiparticle density ρ(k) with the density of states P (λ) of the Lax matrix for a thermal state at inverse temperature β and pressure P . The former is determined by the TBA equation 15 . P (λ) is the averaged density of states for the random Lax matrix ensemble whose matrix elements a n , b n are obtained from the thermal distribution 33 (via Eq. 39). In terms of the Green's function, we have
where [. . .] denotes the ensemble average. Note that L is Hermitian and has a real spectrum. We computed P (λ) by exact diagonalization for a few thermal states, and found that it agrees perfectly with ρ p (this depends on the normalization of Eq. 39), up to a normalization constant given by the average stretch:
One example is shown in Fig. 3 (top panel) . We next turn to the quasiparticle currents, given by
in the kinetic theory. To obtain their (conjectural) expression in terms of the Lax matrix, consider an eigenstate |λ of L with eigenvalue λ. It evolves under
We want to interpret this eigenstate as a quasiparticle. Its position is given by an expectation value
x(λ) = n λ|n x n n|λ , x n = r n−1 + r n−2 + . . .
which is not well-defined in terms of the Flaschka variables (because of the overall displacement). However, the time derivative of x(λ) can be calculated without ambiguity using Eq. 43:ẋ
V := n b n |n n| + 1 2 a n ln a n (|n n + 1| + |n + 1 n|) .
Summing over eigenstates, we have
We numerically evaluate the RHS for thermal states by exact diagonalization and compare it to the kinetic theory prediction, obtaining again an excellent agreement, see Fig. 3 (bottom panel) .
The identification of quasiparticles with Lax eigenstates (which may be called a Bethe-Lax correspondence) is conceptually appealing: it explains why the former can be regarded as point-like objects at the level of kinetic theory. While this is straightforward in simple systems such as hard rods (a quasiparticle is literally a hard rod, modulo permutations), it is not a priori clear for the classical Toda lattice. An intuitive justification at non-zero temperature is as follows: since L is a tridiagonal matrix with random elements of order unity, it can be viewed as a one-dimensional, disordered tight-binding Hamiltonian. It is then well-known that its eigenstates are all Anderson localized [30] . Therefore, the quasiparticles have a position uncertainty of order unity, and can be treated as points at the hydrodynamic scale. This is illustrated in Fig. 3 , inset, where we show a space-time snapshot of Toda lattice evolution, from the viewpoint of scattering quasiparticles.
Conclusion
We have studied the kinetic theory of the quantum and classical Toda lattices, from the perspective of an interacting gas of particles on a line. While the quantum kinetic theory was obtained from TBA in a manner that is straightforward at this point, and the classical kinetic theory can be obtained directly [31] (in fact, the classical phase-shift is immediate from the two-body problem), our analysis of the semiclassical ( → 0) limit is physically instructive and allows us to quantify the size of quantum corrections through a systematic expansion in ; this shows in particular that the classical limit is non-singular. This may not be surprising given that the quantum Toda lattice can be viewed as an infinite-spin limit of SU (2) integrable spin chains [32] , and so is already "classical" in some sense. Here, we found a hydrodynamical consequence of this fact, in terms of the semiclassical expansion of the phase shift (Eq. 23): at any order in , the quantum corrections only affect scatterings in the classically static limit. We suspect that this is a general phenomenon in the semiclassical hydrodynamics of integrable systems. For instance, this holds for the Lieb-Liniger model, for which K cl p,p = 0 is moreover trivial. It will be interesting to analyze the implications of this for the dynamics of the trapped δ-Bose gas, as was realized in the famous "Quantum Newton's Cradle" experiment [33] .
Our numerical studies validate the classical kinetic theory by a direct comparison with microscopic non-equilibrium dynamics, as well as justifying the underlying equations of state from the viewpoint of a Bethe-Lax correspondence. This relates predictions from kinetic theory with mathematical conjectures about certain tridiagonal matrix ensembles, which are closely related to the β-random matrices [26] . This relation was recently exploited [27] in order to construct the generalized Gibbs ensemble of the classical Toda lattice from a random-matrix point of view. A similar approach might be useful in developing a kinetic theory for the Calogero-Sutherland-Moser systems, which admit a similar Lax-pair formulation. It should be clear that mathematically, the Bethe-Lax correspondence is nothing more than the inverse scattering method. However, in the context of the hydrodynamics of integrable systems, it has not previously been realized in a concrete way. Doing so for quantum integrable systems (including the quantum Toda lattice [25] ) might significantly elucidate the connection between kinetic theory and microscopic quantum dynamics, and represents an exciting challenge for future study.
